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Abstract 
A magnetic field creates acharacteristic length for electronic motion, the magnetic length, which at high fields becomes 
comparable with the typical layer thicknesses ofMBE grown heterostructures. These layer thicknesses are thin enough to 
allow coupling of the wavefunctions between successive layers making tunneling possible. The effect of a magnetic field 
parallel to the layers and perpendicular to the tunneling direction for different structures, i.e. asymmetric double 
quantum wells, periodic and non-periodic superlattices is reviewed. 
1. Introduction 
Tunneling is one of the most spectacular manifesta- 
tions of quantum mechanics on macroscopic properties 
of matter. These manifestations can be studied experi- 
mentally to a high degree of detail with artificially grown 
semiconductor heterostructures. The strongly non-linear 
current versus voltage characteristics of double barrier 
resonant tunneling devices directly demonstrates, ven at 
room temperature, the opening of a transmission channel 
foi" electrons when the emitter of such a device is brought 
into resonance with a bound state between the barriers. 
In this paper I want to review a few optical experiments 
where the effect of a magnetic field parallel to the layers 
of a few different types of semiconductor heterostructures 
is demonstrated. The devices tudied are a superlattice (a
periodic array of thin alternating layers of different 
semiconductors) a Fibonacci superlattices (a thin layered 
structure with thicknesses varying in a way to represent 
a Fibonacci sequence) and an asymmetric double quan- 
tum well (two wells of different hickness eparated by 
a thin barrier). In the structures considered here the 
barrier layers are sufficiently thin to couple adjacent 
wells through leakage of the wave function by tunneling. 
The work described here has been reported elsewhere in 
more detail in Ref. [1] for the periodic superlattices, in 
Ref. I-2, 3] for the Fibonacci superlattices, in Ref. 1-4] for 
the asymetric double quantum well. The basic physics for 
a double barrier esonant tunneling device in a magnetic 
field can be found in Refs. I-5, 6]. 
2. Energy levels in a parallel magnetic field 
The energy levels in a magnetic field for simple bands 
(effective mass m*) in the presence of a potential variation 
in the z direction V(z) are given by the eigenvalues of the 
Hamiltonian 
I li2 d2 eZB2z'2 1 
2m* dz '~  + 2m ~ + V(z) q~(z') = Ei = q~(z'), (1) 
where z' = z + tiky/eB = z + Zo with Zo the cyclotron or- 
bit center coordinate, and k r the wavevector of the free 
particle motion in the y direction. This eigenvalue equa- 
tion can be solved exactly by numerical methods and in 
Fig. 1, the results for a system with narrow quantum 
wells separated by barriers of variable thickness i shown. 
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Fig. 1. Magnetic energy levels of a GaAs well (3.9 nm wide) in 
a field of 20 T (magnetic length -~ 6 mm) for different barrier 
thicknesses as a function of the cyclotron orbit center coordi- 
nate. The fiat levels develop at low energies in the superlattice 
miniband. 
0 50 
The presence of the potential V(z) in Eq. (1) breaks the 
translation symmetry of the center coordinate z0, i.e. it 
depends on the position of z0 with respect o V(z). In the 
absence of V(z), the usual Landau levels are formed 
which are highly degenerate, since they have the same 
energy for all center orbit coordinates. This can be seen in 
the upper left figure where the levels at a single interface 
are shown and one can see that far from the step 
"flat" Landau. levels appear. The relevant distance in 
this respect is the cyclotron orbit radius which for 
the lowest Landau level equals the magnetic length 
d = (h/eB) 1/2. 
The energy levels of a single well with width d < E 
and potential Vo >> htoc, can be obtained by treating 
the magnetic field as a perturbation on the eigenvalues of 
the particle in a well. The perturbation expression is 
given by 
e2 n z 
~(hky  + eB <z),,) z. E = E, + :--:. <z2>. + 
zm* Am* 
(2) 
Here E, is the subband energy of the unperturbed prob- 
lem. (e2B2/2m *) <z>, with <z>, the expectation value of 
z 2, is the diamagnetic shift which is small if dw < {. The 
last term represents the original parabolic ky dispersion 
shifted by an amount eB<z>, = - hkro which depends 
on the position of the well in the chosen origin of the 
coordinate system. <z>, is the expectation value of <z> 
and is zero for a well centered around z = 0, but equal to 
hkvo/eB for wells centered around different values of z. 
The shift corresponds just to a shift of the cyclotron orbit 
center Zo, so that the lowest energy occurs when Zo is the 
center of each well. 
3. Superlattices 
In Fig. 1 it can be seen that each well gives rise to 
a parabolic dispersion in the cyclotron orbit center coor- 
dinate as long as the wells are sufficiently far apart and 
tunneling between them can be neglected. For narrow 
barriers this is not true anymore which shows in Fig. 1 as 
the opening of an anticrossing ap at positions where 
parabola's cross each other. For very narrow barriers, 
this anticrossing aps start to be so important hat at low 
energies flat Landau levels appear again. Physically this 
means that tunneling has become so easy that the energy 
does not depend on the position anymore. Note that in 
Fig. 1 the scales are such that for the thinnest barriers the 
magnetic length extends over several periods of the su- 
perlattice which implies that completion of the cyclotron 
orbit involves tunneling through several barriers. It can 
be shown that the energy region where these flat bands 
occur corresponds to the miniband width of the superla- 
ttice such as can be calculated with the Kronig-Penney 
model [1]. 
This behaviour can be observed experimentally in an 
interband optical experiment. The flat levels give rise to 
a strong peak in the density of states, while the dispersive 
levels above the miniband edge will not correspond to 
a singularity in the DOS. Experimentally sharp absorp- 
tion peaks are expected in the region of the flat bands 
which disappear at energies above the miniband width. 
Since the spacing between the flat levels increases with 
increasing field the top ones will be pushed out of the 
miniband width and become dispersive as the field is 
increased. 
In Fig. 2 we show data ofphotoluminiscence excitation 
spectra on a superlattice in a parallel field. It can clearly 
be seen that below a certain energy sharp peaks are 
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Fig. 2. Photoluminescence excitation spectra t different fields 
perpendicular (top) and parallel (bottom) to the layers. The 
lower traces show how sharp peaks disappear at the miniband 
edge. Sample parameters are 0.41 eV barrier height, well and 
barrier thicknesses 3.9 nm and 1.13 nm. 
observed which disappear as soon as they are pushed out 
of the miniband as expected. 
Similar results have also been obtained with intraband 
cyclotron resonance xperiments 1,7]. The interest of 
these results lies in the fact that they prove that a superlat- 
tice really behaves as a coherent structure in the sense 
that it is not so much the fact that all individual barriers 
are sufficiently "transparent" o allow completion of the 
cyclotron orbit. In fact it is the long range periodicity 
which leads to the fiat levels and to their disappearance 
at the minibands edge. This fact is completely analogous 
to the behaviour of any solid, where also the long range 
periodicity is responsible for mean free paths orders of 
magnitude larger than the atomic spacing. 
4. Fibonacci superlattices 
The statement ofthe last paragraph of Section 3 can be 
nicely illustrated by studying the behaviour of non-peri- 
odic superlattices. In these structures the barrier thick- 
ness db is equally thin but the wells have thicknesses dw 
and 2d,, making the structure non-periodic. The actual 
sample considered was made according to a non-periodic 
sequence of barriers and wells 
... dbdwdbdwd, bdwdw ... 
constructed in such a way as to represent the 13th gen- 
eration of a Fibonacci sequence [3]. The barriers are 
sufficiently thin so that there is a strong leakage of the 
wavefunctions to the adjacent wells. The energy levels in 
a magnetic field are shown is Fig. 3. In this case no flat 
. . . , . , . . 
1 6 ~  
L=J 
12~ 
 iIlliHiHillniHf  
-3  -2  -1 0 1 2 3 
z/ I  
Fig. 3. Magnetic energy-level structure of a quasiperiodic super- 
lattice at B = 2.92 T = (20 T)/z 4 and 20 T as function of the cyclo- 
tron-orbit-center coordinate (top). In the lower part, a section of 
the Fibonacci potential at the same fields. Energies are all in 
units of the cyclotron energy and lengths in units of the magnetic 
length and the selfsimilar density of states can be observed. 
Landau levels like in the periodic superlattice are ob- 
served, instead strongly dispersive, cyclotron orbit posi- 
tion dependent energy levels are obtained. To understand 
this energy level structure it is convenient to think of the 
potential V(z) = 0 as a perturbation on the unperturbed 
free particle Landau levels. In this case EN is given by 
E~(Zo) = (4'NI V(z)14N), (3) 
with (~bN[ the harmonic oscillator wavefunction of Land- 
au level N. The cyclotron orbit center dispersion, EN(zo), 
reflects then the average value of the potential over the 
cyclotron radius as a function of the position. 
In Fig. 3, the length is scaled to the magnetic length 
and the energy to the cyclotron energy. In these units it 
can be shown that I-2] the center orbit dispersion at 
different magnetic field values which are multiples of z 2, 
with z the golden mean (z = (1 + x/5)/2) have the same 
shape. This self similarity is a direct consequence of the 
self similar nature of the chosen Fibonacci potential. 
Experimentally this self-similarity has indeed been ob- 
served 13] by comparing the shape of spectra t different 
magnetic fields. In Fig. 4 a series of spectra of Fibonacci 
superlattice in a parallel field is shown. Like in the peri- 
odic superlattice a Landau like levels structure is ob- 
served, as would also be expected from the calculations in
Fig. 3. However, contrary to the periodic superlattice 
these Landau levels evolve very irregular with field, 
meaning that some levels are very pronounced at some 
field value, whereas they are almost broadened beyond 
recognition at other field values. Such a behaviour 
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reflects the strong field dependence of the energy levels in 
the Fibonacci SL. 
In Fig. 5, the shape of the spectra at different fields are 
compared to each other both for Fibonacci and for 
periodic superlattices. For this purpose we consider a full 
spectrum at a certain field Bo and calculate the differ- 
ences with a spectrum at another field B with the energies 
all scaled to the cyclotron energy. This procedure is 
repeated for all other fields B and the field dependence of
the differences i  shown in the figure. It can be seen that 
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Fig. 4. PLE spectra of a Fibonacci superlattice with 
db -~ 1.13 ,~, dw ~ 1.69 ,~ and 0.25 eV barrier height as a function 
of the parallel field. Note the irregular evolution of the shape of 
the Landau levels with increasing field. 
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for the FSL a spectrum at given field Bo is most similar to 
that at another field B when B/Be ~ 0.4. This value 
is very close to the expected value 1/z2,~ 0.38 which 
directly demonstrates the property of selfsimilarity. 
As expected such a selfsimilarity is absent for periodic 
superlattices. 
5. Tunneling in an asymmetric double quantum well 
In the preceding sections we have discussed the energy 
level structure resulting from the coupling of adjacent 
wells by tunneling through a thin barrier. Here we will 
briefly discuss an experiment addressing more directly 
the tunneling process itself. The device studied is sche- 
matically shown in Fig. 6. It consists of two wells of 
different hicknesses (and thus different confinement en- 
ergies) separated by a thin barrier. Furthermore an elec- 
tric field can be applied over the whole structure so that 
the energy levels in the wide and the narrow well can be 
moved with respect o each other by the external electric 
field. 
The experiment consists of measuring the decay time 
of the narrow well luminescence as a function of the 
applied electric field perpendicular nd magnetic parallel 
to the layers. 
If there is no other, more rapid, recombination chan- 
nel, particles excited in the narrow well recombine by 
photon emission and the decay time is determined by the 
radiative lifetime. However, under flat band conditions 
and at zero magnetic field, electrons can also leak from 
the narrow well band edge to that of the wide well which 
is at lower energy. 
0.1 
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0 50o 113O0 
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Fig. 5. Differences in shape of a spectrum at Bo with other 
spectra of the same sample at a different field by scaling the 
energy in units of the cyclotron energy. (A) Periodic SL; (B) two 
different Fibonacci SL showing a minimum at B/Bo ~- l/r2; (C) 
theoretically calculated from the density of states. 
Fig. 6. Decay time of the narrow well luminescence at different 
parallel magnetic fields of an asymmetric double quantum well 
structure shown in the inset, dwid, = 10 nm; dbarrie, = 6 rim, of 
Alo.35Gao.65As and d ...... = 5nm between Alo.3~Gao.65As 
cladding layers. 
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This leakage cannot be a direct unneling process ince 
such a process involves the conservation f parallel mo- 
mentum and in general there are no states with the same 
parallel momentum atthe same energy. Resonant condi- 
tions can be created by applying a perpendicular electric 
field and align this way the narrow well subband with 
that of the wide well. In this case carriers can tunnel very 
rapidly to wide well, relax to the wide well band-edge and 
recombine by emission of luminescence at the wide-well 
bandgap, which is at lower energy than that from the 
narrow well. This process becomes visible as a drastic 
decrease of the narrow well luminescence decay time 
since at resonant conditions a new, faster, recombination 
channel is opened [8]. The particularity of a magnetic 
field parallel to the layers (and perpendicular to the 
tunnel current) is that in changes drastically the rules for 
parallel momentum conservation. 
Classically this can be understood by realizing that 
electrons describe circular trajectories in a magnetic field 
so that electron motion in the z-direction implies 
a change in momentum in the y-direction. Therefore 
conservation of parallel momentum during tunneling 
means that states with different ky values in the narrow 
and in the wide well are connected. 
Returning to our original description of the effect of 
a parallel field (Eq. (2)), this fact implies quantum-mech- 
anically that the ky dispersion of the narrow well is shifted 
with respect o that of the wide well by an amount 
Aky = (eB/h) Az where Az is the distance between the two 
centers of the wells. Therefore the two parabolas always 
intersect each other at a particular kvaluo and for that 
k-value resonant tunneling is possible since both energy 
and parallel momentum conservation can be conserved. 
A particular case occurs when the bottom of one 
parabola intersects he other at some higher energy. The 
condition for this is 
AE = Enar row - -  Ew ide  - -  
(hky) 2 (eAzB) 2 
2m* 2m* 
(4) 
By varying AE and B and assessing where this resonance 
occurs, it has been shown with transport experiments 
that it is possible to "measure" the E(k) relation. [6] 
In Fig. 6, the narrow well luminescence d cay time is 
shown as function of magnetic field. It can be seen that 
this time decreases drastically with increasing field and 
exhibits a minimum at around 16 T. The magnetic field 
value of this minimum varies with the distance between 
E ...... and Ewiae which can be chosen with the external 
electric field. By comparison with Eq. (4), it can be shown 
that this minimum corresponds to the alignment of the 
minimum of the narrow well dispersion with the wide 
well parabola. From this observation it can be concluded 
that carriers always relax first inside the narrow well to 
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Fig. 7. Minimum luminescence d cay time at the magnetically 
turned resonance asa function of the subband edge separation 
AE. IfAE > 40 meV the fast relaxation i the wide well through 
optical phonon emission, leads to a rapid decrease ofthe narrow 
well luminescence d cay. 
the band-edge and then tunnel to the wide well if this 
minimum is under resonant conditions. 
In Fig. 7, we plot the luminescence d cay time under 
(magnetically tuned) resonance conditions as a function 
of the (electrically tuned) subband separation AE. It can 
be seen that the dramatic decrease of the luminescence 
decay time (and thus the fast tunneling from narrow to 
wide) is only observed as this subband separation is 
larger than the LO-phonon energy. A plausible xplana- 
tion of this threshold energy is that through tunneling, 
carriers are excited at some higher energy in the wide well 
dispersion and that only if this energy is higher than the 
LO-phonon energy the narrow well "empties" rapidly 
through this channel. This fact can be understood by 
realising that if tunneling is very rapid the carriers injec- 
ted in the wide well may tunnel back to the narrow well 
before they relax from the finite k of the wide well to the 
bottom of the dispersion. This relaxation becomes rapid 
if optical phonon emission is possible (AE > he)LO) but is 
too slow to prevent the back-tunneling if acoustic 
phonons are needed (AE < h(OLO). This observation 
is quite interesting since it puts clear boundaries on 
possible values of the actual tunneling time, i.e. faster 
than acoustic phonon emission but slower than 
optical phonon emission. Considering the controversy 
about tunneling times this observation could be quite 
significant. 
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